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p(x) = 0.4*N(x|0,1) + 0.6*N{x|0.2,0.5) p(x) = 0.6*N(x|-1,1) + 0.4*N(x|2,0.5)

p(x) = 0.5*N(x|-1,1) + 0.5'N(x|1,1)
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The General GMM assumption

There are k components. The
I'th component is called o,

Component o, has an
associated mean vector g,

Each component generates data
from a Gaussian with mean g;
and covariance matrix 2,

Assume that each datapoint is
generated according to the
following recipe:

Pick a component at random. X
Choose component i with p(x) = ; P(W)N (X 2,%;)
probability P(w,).

2. Datapoint ~ N(u, %)

PW) >+, Y P(w)=)




e choose component with probability w,
e generate X ~ N(w,, o)

O
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P(C))

P(C; [ X)=P(X|C))- P(X)

P(X]Cj) =

- B ) S/ Y(X=) VT (X—14)]
G =p(X] G‘)_(Yﬂ_)d/* v/ |\/\‘ ¢

Variables: u;, V., w,

We use EM (estimate-maximize)
algorithm to approximate this variables. |
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Problem of scoring models with different complexities
Model too flexible = overfit the data = high variance
Model too restrictive = can’t fit the data = high bias
Bias-variance tradeoff: compromise
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‘ Someone tells us that REMEMBER
Number of High grades (A's + B's) = A P(A) = V2
Number of C’s = C P(B) = 1

Number of D’s = d PO =T
P(D) = Ys-Yp

What is the max. like estimate of pu now?

2RO If we know the value of y we could compute the
expected value of aand b6

Since the ratio a:b should be the same as the ratio V2 : n

MAXIMIZATION

If we know the expected values of aand 6
we could compute the maximum likelihood
value of y




We begin with a guess for p

We iterate between EXPECTATION and MAXIMALIZATION to
improve our estimates of pand gand 4.

Define p(t) the estimate of p on the t'th iteration
b(t) the estimate of b on t'th iteration

1(0) =initial guess
L(t)h

- = E[b | n()]
/+u 1)

E-step

| L b( )
M) = ) rerd)

=max like est of pn given b(r)

Continue iterating until converged.

REMEMBER
P(A) = V2
P(B) =
P(C) = 2u
P(D) = ¥2-3p

Good news: Converging to local optimum is assured.

Bad news: I said "“local” optimum.




‘ m Convergence proof based on fact that Prob(data | p) must increase
or remain same between each iteration not osvious)

m But it can never exceed \  [osvious]
So it must therefore converge [osvious]

In our example,
suppose we had

h=vY.
c=)\-
d=)-
H() = -

Convergence is generally linear: error
decreases by a constant factor each time
step.




N /8 1\ /]

I' (e 510

_I__g‘,usm SlassS 5 S o s o conlin j» E Al

P(W | X @(t)) — p(X| |u(jt)3z(jt))P(Wj)

> p(x, 1), Z)P(W,)

o sloaillgsS 5 LSl ;o ML 5 oolitesl b ovalie ,o M > e

A () Z:\i\ P(WJ |Xi7®( ))Xi

A )
> s NP(W, | X,0")(X — AT (X —a")T
] i:,P(Wj |Xi,®(t))§ ( j | i )( i l’lj )( i l’lj )

o ELP .07
P(w,)" = j N

A o dslsl Sl Sea GI,M gE |50 ®






















_|,

EM - K-means
K-means o, =
Vif || X —p || X — .
otherwise
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4‘: K-Means = GMM
R clusters per class
lteration:

R Gaussians per class

lteration:
Step): Set each data to E step: Set each data’s

one cluster responsibilities for all clusters
{} [+ )]

StepY: Tune cluster M step: Tune parameters of

centers Gaussians




Gaussian Mixture Example: Start




After First Iteration




After Ynd Iteration
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After Yrd Iteration
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After Yth Iteration
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